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The rate of spontaneous emission is known to depend on the environment of a emitter, and the enhancement
of one-photon emission in a resonant cavity is known as the Purcell effect. Here we develop a theory of
spontaneous two-photon emission for a general electromagnetic environment including inhomogeneous dispersive
and absorptive media. This theory is used to evaluate the two-photon Purcell enhancement in the vicinity
of metallic nanoparticles and demonstrates that the surface-plasmon resonances supported by these particles
can increase the emission rate by more than two orders of magnitude. The control over two-photon Purcell
enhancement given by tailored nanostructured environments could provide an emitter with any desired spectral
response and may serve as an ultimate route for designing light sources with novel properties.
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I. INTRODUCTION

Spontaneous two-photon emission (STPE) is a quantum
process, where an excited electron decays to its ground
state by the simultaneous emission of a photon pair. It
corresponds to a second-order term in perturbation series
describing the system de-excitation. The phenomenon allows
any combination of photon energies satisfying total energy
conservation, resulting in a very broad emission spectrum.
Multiphoton quantum states, and in particular, those involving
just two photons, are playing key role in quantum cryptography
and computing. For example, entangled state generators [1],
ampliﬁers [2], and lasers [3] may exhibit unusual properties,
such as generation of two-photon coherent states [4], quantum
noise quenching and squeezing [5], and continuous variable
generation, useful for quantum cryptography [6]. STPE is one
of the fundamental quantum phenomena, and its applications
span from information and communication technologies to
biological imaging and related research [7].
STPE has recently been observed in optically pumped and
electrically driven semiconductor structures [8]. STPE from
semiconductors is comparable with other nonlinear processes,
such as spontaneous parametric down-conversion (SPDC),
and may lead to a new route for quantum devices based on
nonclassical states of light [9]. Efﬁcient, high-rate, compact,
room-temperature sources of entangled photon pairs based on
STPE have also been recently proposed [10].
In this paper we develop the general theoretical approach
to STPE description for a pointlike emitter embedded within
an arbitrary environment, emphasizing the proper treatment
of dispersion and absorption of the material components.
As an example, we have considered a two-photon emission
near a spherical metallic nanoparticle and demonstrated that
control over the emission spectrum and strong Purcell-like
*
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enhancement of the radiative decay can be achieved by tuning
parameters of the palsmonic system.

II. THEORETICAL MODEL

Since the pioneering work of Purcell [11], it is well
known that the strength of light-matter interaction can be
signiﬁcantly inﬂuenced by engineering the local structure
of electromagnetic modes, e.g., in a cavity. When such
manipulation of light emission is required in the optical
spectral range, a number of different systems may be used, such
as photonic crystals [12], metal nanostructures [13,14], and
metamaterials [15–17]. Until recently, the majority of these
systems have only been applied to one-photon processes. The
Purcell factor Pn of high-order emission processes involving
n-photons, is of great importance, since they are initially weak
and may be enhanced as approximately the nth power of
the one-photon (P1 ) enhancement. The STPE from a bulk
semiconductor layer interfaced with a metallic nanoantenna
has recently been demonstrated to exhibit up to 103 -fold
overall enhancement [18]. Although the resonant plasmonic
enhancement of Raman scattering and nonlinear optical effects
is well known [19], the enhancement of STPE which involves
emission of photons in a broad spectral range from teraherz to
visible wavelengths, has not been elaborated on yet.
The quantization of electromagnetic ﬁeld in the presence of
material bodies requires signiﬁcant care. Material dispersion
and absorption (related to each other by the Kramers-Kronig
relations) increase the complexity of a canonical Hamiltonian
quantization, since additional “material” degrees of freedom
must be included. The easiest approach for ﬁeld quantization,
based on ﬁeld expansion over the classical electromagnetic
modes of a structure and known as mode decomposition, is
not applicable to these lossy systems [20]. One of the rigorous
techniques for ﬁeld quantization is based on an introduction
of local noise operators and results in local quantization of an
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Here, rA is a source position and r is an arbitrary point in space,

σmn = |mn|, and the rest of the symbols are conventional
notations.
The spontaneous one-photon emission rate (RSOPE ) in the
weak-coupling regime and within the framework of the local
operators’ formalism is given by [20]
↔

d∗ P1 d1→2
,
RSOPE = R0 2→1 2
d2→1
↔
↔
3c
P1 (rA ,ωif ) =
Im G(rA ,rA ,ωif ),
2ωif
FIG. 1. (Color online) Two-photon dipole emitter positioned in
the proximity to a nanoparticle. (Insert) Electronic level structure
of the emitter: (solid lines) initial, ﬁnal and intermediate states,
(dotted line) virtual level.

electromagnetic domain. Here, the ﬁeld operators are strictly
related to the classical electromagnetic Green’s functions [21],
and the dispersion and losses can be included without violating
canonical commutation rules. In this approach, the photon
momentum is not directly deﬁned, in contrast to the mode
decomposition technique. However, while certain restrictions
on momenta can be important for some phenomena where
atomic recoil should be taken into account, in the noisy solidstate environment this is of less signiﬁcance.
We consider a subwavelength light-emitting system such
as an atom or a quantum dot having a discrete set of levels
{|n} and placed at the point rA in the photonic environment
characterized by the (dispersive and lossy) dielectric function
ε(r ,ω) (e.g., Fig. 1). We restrict ourselves to the dipole
transitions, characterized by the matrix elements dn→m , and
apply a rotating wave approximation. The total Hamiltonian
of the system is given by [20]

where ωif is the frequency of the transition and R↔0 =
4ωif3 |d2→1 |2 /3h̄c3 ε0 is the decay rate in vacuum. Here, P1 is
the tensor of Purcell factor, determined by the imaginary part
of the Green function. In the case of a single mode cavity
with
the quality factor Q, modal volume V , and wavelength
↔
λ, P1 is proportional to the well-known expression Qλ3 /V ,
where a crucial assumption of negligible losses in the material
components is required, making this expression unsuitable
for our purposes. Moreover, some nonexponential decays in
plasmonic structures may show off [22].
The STPE rate for the system described by Eq. (1) has been
calculated by the standard quantum-mechanical second-order
perturbation theory, utilizing the local quantization scheme.
The STPE rate between initial and ﬁnal states (i → f ) via
complete set of intermediate states {|n} is given by


2π ∞
RSTPE =
dω d 3 r
h̄ 0

(r ,ω)|nn|V
(r,ω)|i
f |V

×


n

ﬁeld =
H



∞

d r
3

∞

0

↔

× G(rA ,r,ω)
 f(r,ω)
 σmn + H.c.,



2

(4)

Using the Green function identities [21], one can express the
result via the Purcell factor, Eq. (3), as
 ωif
↔
↔
RSTPE =
dω Tr[P 1 (ω)P 1 (ωif − ω)] U (ω),

dω h̄ωf† (r,ω)
 f(r,ω),



(r,ω),
dω d 3 rV

0

 2

ω
h̄  ∞

dω
V (r,ω)
 = −i
π ε0 m,n 0
c


× d 3 r Im ε(r,ω)d

n→m
int =
H



n

1
1
+
×
ωin − ω ω − ωnf
× δ(Ei − Ef − h̄ω).

ﬁeld + H
int ,
=H
0 + H
H

0 =
H
h̄ωn |nn|,


(3)

0

4π ωif3 (ωif − ω)3 
U (ω) =
di→n dn→f
9h̄c2 ε02
n
 2

1
1
×
.
+
ωin − ω ω − ωnf
(1)

0 , H
ﬁeld , and H
int are the Hamiltonians of the
where H
unperturbed atomic system, free electromagnetic ﬁeld, and
light-matter interaction, respectively. Here, f† (r,ω),f(r,ω) are
the local creation and annihilation ﬁeld operators
dependent
↔
 is the
on position in space r and frequency ω, and G(rA ,r,ω)
classical electromagnetic Green’s tensor deﬁned by
 2
↔
ω
ε(r ,ω) G(r ,rA ) = δ(r − rA ). (2)
∇ ×∇ ×−
c

(5)

Here, we assume that the states |i,|n, and |f  have s,p and s
orbital symmetries, respectively. Equation (5) has a transparent
physical meaning: the STPE rate is given by the convolution of
two one-photon Purcell factors, with the frequency-dependent
factor sensitive to the relative energy positions of the states |i,
|f , and {|n}. The difference between one- and two-photon
Purcell effects is summarized in the schematic drawing in
Fig. 2. While the one-photon emission is enhanced only
at the resonance of the structure, STPE, being naturally
wideband, is enhanced twice: at the resonant frequency (ωres )
of a structure and at the complementary one (ωif − ωres ),
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(b)

(a)

FIG. 2. (Color online) One-photon Purcell factor and two-photon
spectra in a free space and near resonant structure with two
resonances. Wideband STPE is enhanced twice: at the resonant
frequencies (ωres ) and the complimentary frequencies (ωif − ωres ).

emphasizing the “paired” nature of this energy-time entangled
emission process.
Additional radiative and nonradiative decay channels,
leading to the broadening of the energy levels, may be taken
into account in Eqs. (4) and (5) phenomenologically, by
replacing the denominators with ωin − ω + iγ and ω − ωnf +
iγ , respectively. The broadening γ is related to the spectral
shape (ω), which may be calculated for each physical system,
e.g., it has a Lorentzian shape for radiative broadening in a
collisionless dilute gas, but will be more complicated for other
systems, such as solid-state emitters [23]. The modiﬁed version
of Eq. (5) for the spectral density, including these effects is

Ū (ω) = dω U (ω,γ (ω)) (ω).
(6)
In the more general case different values of broadening should
be used for each of the states |i, |f , and {|n}. In what follows
we assume (ω) = δ(ω) for simplicity.
It is important to assess the role of losses in the medium,
determined by the imaginary part of the dielectric constant.
Only some of the emitted photons contributing to the true
radiative decay may be observed in the far ﬁeld, while the
rest are absorbed by the lossy medium [24]. The speciﬁc
advantage of the Green function technique we use [21] is the
possibility to straightforwardly single out the radiative part of
the Purcell factor:

↔
↔
3ωif
P 1,RAD (rA ,ωif ) = P 1 (rA ,ωif ) −
d 3 r Im ε(r )
2c
↔

↔

× G∗ (rA ,r ,ωif )G(r ,rA ,ωif ),

(7)

where the second term corresponds to the Joule losses.
Substituting Purcell factor (7) in Eq. (5), we obtain the “true”
radiative STPE decay rate. Equations (3), (5), (7), and Fig. 2
provide general concept for two-photon emission engineering.
By properly tailoring the nanostructured environment utilizing
plasmonic, dielectric, or other resonances, one can obtain a
system with a desired emission spectrum.
III. NUMERICAL EXAMPLE

In the following, for the sake of simplicity, we will consider
a speciﬁc case of a three-level atom near a nanosphere (Fig. 1).
We consider a single intermediate state with the energy above
both initial and ﬁnal states (Fig. 1, inset) and neglect line

FIG. 3. (Color online) (a) The Purcell factor for a dipole oriented
perpendicular to an Ag sphere at various distances from its surface.
The thick and thin lines correspond to the full Purcell factor, Eq. (3),
and its radiative part, Eq. (7), respectively. (b) The spectral densities
of STPE normalized to the overall emission rate in an empty silica
matrix (i.e., the area under the blue-dashed line is unity). Numbers
near the curves show the integrated over the whole spectral range
STPE enhancement with respect to the bulk SiO2 matrix. Thick
and thin lines correspond to the total STPE rate and its radiative
part, respectively. Vertical arrows indicate the energies of the electric
multipole modes with different total angular momentum values j . d is
the distance between the emitter in SiO2 matrix and the nanoparticle
surface and indicated in the ﬁgure. Nanoparticle diameter is 100 nm.
The transition energy ωif = 2.5 eV.

broadening. To examine the effect of local ﬁeld enhancement,
we have analyzed the case when the emitter is placed in a SiO2
matrix in the proximity of both silicon and silver spheres of
the same subwavelength dimensions. Metallic nanoparticles
with negative permittivity may support collective oscillations
of surface charges in the optical and infrared spectral range
termed as localized surface-plasmon resonances (LSP) [25].
Such plasmonic particles can concentrate the optical ﬁeld
beyond the classical diffraction limit [26], while the resonant
response of the dielectric particles with positive permittivity
(such as Si) may only result from wave interference, and
hence is not possible at subwavelength dimensions. For the
chosen geometry the electrodynamical Green function can be
readily found as series over spherical harmonics. The dielectric
function of Si and the Drude parameters of Ag were taken from
widely available experimental data, while the value ε = 2 was
chosen for the permittivity of SiO2 .
Figure 3 presents the spontaneous one- and two-photon
emission spectra for a source located at different distances
d from the surface of the Ag particle. Panel (a) shows the
calculated energy dependence of the one-photon Purcell factor
[Eq. (3)] for a dipole oriented along the line between emitter
and nanoparticle center. The peak positions correspond to LSP
resonances of dipolar (j = 1) and quadrupolar (j = 2) nature.
The Purcell factor at low frequencies [thick lines in panel (a)]
has a nonradiative origin and is related to the Joule heating of
the metal. This maximum vanishes for the radiative part of the
Purcell factor Eq. (6), shown by thin lines.
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Figure 3(b) presents the normalized spectral dependence of
STPE. These graphs possess characteristic mirror symmetry
with respect to the central energy h̄ωif /2. The blue-dashed
curve in Fig. 3(b) corresponds to the STPE spectrum for an
inﬁnite distance d between the atom and the nanoparticle, i.e.,
an emitter embedded in an empty silica matrix. In this case, the
STPE spectrum is smooth and depends only on the “free-spacelike” photon density of states (∼ω2 ). The highest emission
probability corresponds to the degenerate case (equal energies
of the emitted photons), so that the product of their densities
of states is at a maximum [Eqs. (4) and (5)]. Figure 3 shows a
growth in the emission rate with the decrease of the distance
between the emitter and the sphere. In the case of the Ag
nanoparticle, the overall integrated enhancement of STPE
at d = 10 nm is about 140-fold.
The STPE spectrum exhibits a rich multipeak structure due
to the plasmon resonances. This resonant structure can be most
easily understood when compared with that in the one-photon
spectra [Fig. 3(a)]. The two central maxima in Fig. 3(b),
marked by the arrows: j = 1 corresponds to the electric
dipole resonance leading to the emission enhancement at its
frequency ωd and the complementary frequency (ωif − ωd ).
The bordering peaks are related to higher-order multipole
resonances. One can see from Fig. 3(b) that the higherorder resonances become more pronounced when the emitter
approaches the nanoparticle since the multipole modes have
stronger ﬁeld localization near the surface. The transition
energy h̄ωif in Fig. 3 was chosen to be slightly above the dipole
and quadrupole plasmonic resonances of the nanoparticle,
lying in the optical spectral range [Fig 3(a)]. As a result,
the counterparts of these plasmonic resonances manifest
themselves in the STPE in the IR and THz ranges. This
possibility to “convert” structure resonances from high to low
frequencies (and vice versa) [32] along with recent advances in
the engineering of the spectral response of plasmonic particles
[27–31] reveals the potential ability to design STPE spectra
for speciﬁc applications.
The thin curves in Fig. 3(b) show the far-ﬁeld radiative contribution to the STPE rate, where Joule losses are subtracted. A
comparison between thick and thin lines reveals the signiﬁcant
role of the Joule losses for low- and high-energy ranges of the
STPE spectrum [Fig. 3(a)]. Nevertheless, the overall radiative
STPE rate, as well the rate of emission of THz photons, is still
enhanced when compared to that in bulk SiO2 matrix.
Results in Fig. 3 directly show the advantage of the
microscopic Green function technique used here over the
approximate phenomenological Lorentzian cavity approach
[18]. First, the maxima in Purcell factor, Fig. 3(a), are
strongly broadened and hence substantially non-Lorentzian.
Second, the theory of Ref. [18] does not allow one to take
into account the Joule losses, which strongly affect both
the absolute value of emission rate enhancement [Fig. 3(b)]
and the (non-Lorentzian) spectral shape [Fig. 3(a)]. The
simpliﬁed approach may still be valid for speciﬁc structures
with single-peak Lorentzian Purcell enhancement spectrum,
such as plasmonic bow-tie antennas of Ref. [18], but the
only general way to describe lossy nanoparticles with multiple
plasmonic resonances is the Green function technique.
It is also instructive to analyze the dependence of STPE on
the spectral position of the plasmonic resonance with respect to

(a)

(b)

FIG. 4. (Color online) Normalized STPE spectra calculated for
different transition energies h̄ωif and the ﬁxed LSP resonances: (a) and
(b) correspond to Ag and Si nanoparticles in SiO2 matrix, respectively.
The photon energy on the x axes is normalized to the transition energy.
Calculation parameters and notations are the same as in Fig. 3.

the emission frequency (Fig. 4). The spectra calculated for both
Ag and Si particles for different transition energies h̄ωif with
ﬁxed energy of the intermediate state h̄ωni = 0.3eV, are presented in Fig 4. All of the graphs are normalized to the overall
emission rate in the empty silica matrix. For the Si nanoparticle, the spectral dependencies are relatively smooth and structureless; the enhancement results from the density of states
near the high-index dielectric boundary [Fig. 4(b)]. The overall
enhancement weakly depends on the transition energy. On the
other hand, the plasmonic particle allows further improvement
of the emission rate by a factor of up to 320. The origin of
this effect is the spectral overlap between the two resonances
at ωd and ωif − ωd . This may be further increased by placing
the emitter even closer to the interface. Figure 5 shows the
radiative contribution to the STPE emission rate calculated for
(a)

(b)

FIG. 5. (Color online) The radiative part of the normalized STPE
spectra calculated for different transition energies h̄ωif and the ﬁxed
LSP resonances. Notations and calculation parameters are the same
as in Fig. 4.
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the parameters of Fig. 4. By comparing Figs. 5 and 4, one can
see that despite a considerable reduction of the far-ﬁeld STPE
intensity due to the losses, the effect of plasmonic resonances
remains signiﬁcant and gives rise to a complex STPE spectrum.
These examples demonstrate that the simplest spherical
nanoparticle can dramatically modify the characteristic STPE
properties of an emitter. A proper design of multiresonant
plasmonic structures with variable and tunable quality factors
may, in principle, provide any spectral response on demand.
Moreover, in the STPE process, the emitted photons are
always time-energy entangled and thus, such a multiresonant
plasmonic environment engenders the possibility to achieve
multiparticle entanglement. This problem requires separate
studies since the entanglement depends not only on the
plasmonic environment, but also on the speciﬁc choice of the
quantum light source and on the excitation mechanism [33].

local ﬁeld operators enable the formulation of this purely
quantum problem in terms of classical electrodynamics by expressing the two-photon emission spectrum via the one-photon
Purcell factors. As an example, the inﬂuence of localized
surface-plasmon resonances on the fundamental multiphoton
processes was demonstrated by the full analytical calculation
of emission rates in the vicinity of nanoscale particles. The
unique nature of localized surface plasmons to conﬁne light
on subwavelength scales leads to at least two to three orders
of magnitude enhancement of the emission together with
on-demand spectral reshaping in a broad spectral range.
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